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There is increasing interest in the calculation of radiation heat transfer within nonhomogeneous sooting flames. X-"' As part of the effort to couple turbulent diffusion flame modeling, soot formation and oxidation, and radiation heat transfer in a flame code, the treatment of radiation heat transfer within nonhomogeneous, absorbing, emitting, and scattering media is discussed.
Mathematical Formulation
The radiative heat transfer equation is written as _t
where the phase function, based on the Mie theory, can be expressed as t-" 0(_. _o') = _ (2n + 1)a,,P,,(w.w')
For particles with the size parameter (TrD/a) much less than unity, the scattering effect is usually neglected, e.g., Rayleigh particles. P,.(w. to') can be expanded using the addition theorem of the Legendre function _J and
where (/z, ,f, 0) are the direction cosines of ca with respect to each coordinate axis. After the P,,(ca.ca') terms are expanded, the phase function can be expressed as
where/3, = 1,/3, = /3_, = /3_ = 3a,,/3._ = 5a:/4,/3._ = /3f, = 5a,_/3,/3_ = ]3_,= 5a_,/12, etc.
The integral formulation of radiative heat transfer in a general three-dimensional, gray, emitting, absorbing, and anisotropic scattering medium corresponding to Eq. (1) by Tan j is used here. Crosbie and FarrelF _ also developed similar integral expressions for intensity in three-dimensional cylindrical geometry.
The present formulation is convenient to couple with the energy equation, since heat flux and its divergence are computed directly in addition to the computational efficiency for high-order scattering phase function
In the above equations, e_ and e_ are the blackbody emlssive powers of the medium and the boundary, and q, is the net radiative heat flux at the wall. For isotropic scattering and nonscattering media, the second terms on the right sides of Eqs. (5-7) can be deleted.
The kernel K is K(r, r') = and the unit vector
When the medium is nongray, the integral equations are essentially the same. except that all radiative quantities are wavelength-dependent, and ex and e, are replaced by the spectral Planck function.
Numerical Method

Geometry
Unlike planar two-dimensional (x-y) geometry, which extends infinitely in the third (z) direction, axisymmetric cylindrical (r-z) geometry does not extend infinitely in the third (0) dimension.
For the planar two-dimensional problem, by 1-2 
a flat wall. '_ These difficulties are eliminated in three-dimensional schemes. 
Numerical Quadratures
where r and r' are any two points within the cylinder, and 0' is the angle between
• and r' projected on the x-y plane. Equation (I0 (r) , and e,(r) as the unknowns, V.q/is obtained from the given heat source term of the energy equation and q,(r) from the given flux boundary conditions. The iterative procedure is the same as above.
Results
The computation was performed on a Sun 4/690 workstation. In all calculations, the first YIX integration point is 0.01, except in the optically thin case, with overall optical thickness less than 0.1, where a first integration point of 0.001 is used. Typical run times can be several seconds to several hundred seconds, depending on the solution accuracy required and the optical thickness of the problem. Run time will be discussed later for the examples shown in Figs. 2 and 3. In Fig. 2 , the YIX method is applied to a benchmark problem: a uniform temperature (T_) nonscattering medium enclosed in a black cold cylinder with unity radius and height equivalent to one diameter. The net surface heat flux q, (or, in this particular case, heat flux q, at r = 1), by three different solutions is shown in the figure. The YIX results are very close to the "exact" solution by Dua and Cheng. *" The maximum differences between YIX results and the exact solution are 3.2, 1.9, and 9.6% for "r = 5.0, 1.0, and 0.1, respectively. The P3 solution by Sun,-'" which is similar to that of Menguc and Viskanta, '_ is reasonably accurate for "r = 1, except at large z, where it overpredicts.
At low optical thickness, P3 has a large deviation from the exact solution. where the boundaries are treated " as black surfaces at 300 K. Figure 3 shows the measured wall heat flux and calculations by various methods. All the numerical solutions correctly predict the location of maximum heat flux. However, the P3 method __seriously underpredicts the value of maximum heat flux, while other methods are reasonably close to each other. In the legend in Fig. 3 , YIXJ Sn represents the YIX quadrature using 0.00i as the first integration point and an angular quadrature using the Sn discrete ordinates set. It is interesting to note that the YIX/S4 and finite volume _ methods produce nearly identical results. The higher-order quadrature (YIXJS16) predicts a higher peak flux than all other methods at an axial distance 1 m from the furnace base. Compared with results from the YIX and finite volume methods, the $4 result'-: is lower for almost the entire length of the furnace. It is acknowledged _'_-'z that the measured values cannot be reproduced even with more accurate numericaL methods. One of the reasons for the discrepancy is believed to be the assumption of a uniform extinction coefficient. This shows the necessity for treating the medium as nonhomogeneous in radiation transfer calculation for combustion systems.
For the experimental furnace problem, the YIX run times and maximum errors for using different integration points and .... angular quadrature orders are shown in Table 1 . Note that the $16/0.001 case is used as the baseline for error comparison.
As expected, with the higher-order discrete ordinates set, the CPU time increases in proportion to the corresponding Nw. While the smaller first integration point used in the YIX quadrature reduces the integration error, it also increases the CPU time.
As part of the effort to model a turbulent jet diffusion sooting flame, the radiation heat transfer within such a system is treated rigorously. Flame temperature (Fig. 4) we can focus on effects of nonhomogeneity and scattering and be more computationally efficient.
The local extinction coefficient, shown in Fig. 5 , varies from as low as 10-_-' m-t to about I0 m -' within the whole computational domain, which is much larger than the region covered in the figures. The computational domain is between 0 -< r/D <-130 and 0 -< z/D <--500 using a 65 x 50 grid. The boundaries are assumed to be black at 300 K. A high-order integration quadrature is used: the first YIX integration point of 0.001 and the $16 discrete ordinates set.
We first calculate the nonscattering case. Based on the data of Figs. ,t and 5, the calculated normalized radiative heat flux divergence distribution is plotted along the r-z axis (the left part of Fig. 6 ). The peak value (_370) of the normalized flux divergence occurs near the flame center, i.e., at r/D = 0 and z/D _ 155. The radiative heat flux is normalized with respect to the blackbody emissive power at 1000 K. In Fig. 7 the same temperature data are used, but the extinction coefficient is treated as a constant. An equivalent mean extinction coefficient is obtained by averaging the local extinction coefficients of all the volume elements whose temperatures are higher than 300 K. As shown in Fig. 7 , the peak flux divergence is still at the flame center, but its value is reduced to about 49 from 370, by a factor of more than 7. In the right parts of Figs. 6-10, the corresponding q, at r/D = 31 for different conditions is also plotted. The homogeneous case (Fig. 7) both show that the scattering effect can be very significant, since soot particles are agglomerated in flames. Figure 8 shows a nearly identical flux divergence distribution as a nonscattering case (Fig. 6) , except that the peak value is reduced to about 330 from 370 and the radial heat flux also decreases.
As the scattering albedo increases, both radiative flux and its divergence decrease. Note that the scattering albedo may be a function of the position in the flame, since at later stages of the combustion (or at a higher position above the jet nozzle), the soot aggregates may grow larger, which in turn increases the scattering albedo. In the current numerical scheme using the YIX method, it is very easy to incorporate the distribution of the scattering albedo.
However, since this data is not yet available, the calculation will be left for future study. 
Conclusions
